Multipole analysis of spin observables in vector meson photoproduction 
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A multipole analysis of vector meson photoproduction is formulated as a generalization of the 
pseudoscalar meson case. Expansion of spin observables in the multipole basis and behavior of these 
observables near threshold and resonances are examined. 
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I. INTRODUCTION 

With the advent of CEBAF there is renewed interest in measuring the photoproduction of vector mesons (p, u>, 4>) 
[1,0. In anticipation of such experiments, the general nature of spin observables for vector mesons has been studied 
[3| using a helicity amplitude approach. In this paper, that study is extended by introducing electric and magnetic 
multipole amplitudes for the photoproduction of vector mesons. The multipoles include the final state orbital angular 
momentum and thus, near threshold, provide a natural truncation to relatively few multipoles. Also, since resonances 
have definite ^-values, the isolation of isobar dynamics occurs most naturally in a resonant multipole amplitude. 
Expressions for the full array of spin observables in terms of these multipoles are derived. Then, general rules for the 
angular dependence of these observables and their dependence on multipoles are discussed. We hope that such rules 
will be helpful in analyzing future experiments. 
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II. MULTIPOLES FOR VECTOR MESON PRODUCTION 
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The general structure of the scattering amplitude for the photoproduction of vector mesons is: 

< q Ay m 2 | T \ k A 7 mi > 

= eX(q)- <m 2 \j\m 1 > -i\(k) 



< m 2 I J\, 



mi >, 



(2.1) 



where k, A 7 and q, Ay denote the three-momentum and helicity of the initial photon and final vector meson; mi and 
m,2 are the initial and final nucleon spins quantized along the z-axis, respectively ( see Fig. ^). Isospin factors are 
suppressed. 
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FIG. 1. The coordinate system and kinematical variables for vector meson photoproduction. Here V denotes the vector 
meson and \v its helicity. 
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The current tensor J is defined in the Pauli-spinor space of the initial and final baryon. One can express this 
current in terms of 12 generalized CGLN amplitudes PJ, and proceed to find an expansion of those amplitudes in 
terms of multipoles.^] Reference gives the transformation matrices connecting helicity amplitudes to a set of gauge 
invariant covariant amplitudes for this reaction. In our paper, we follow a direct approach to relate helicity amplitudes 
to multipoles, without using CGLN amplitudes as an intermediate step. 



A. Multipole amplitudes 

The quantum numbers introduced in the multipole analysis are: the total angular momentum J and its projection 
along the z-axis M, the relative orbital angular momentum ly of the final particles^] the total angular momentum 
of the final vector particle jy and of the initial photon j 7 with respect to the nucleon; and the multipole type of the 
photon (f>j. Here, </> 7 denotes either electric 7 = E(j 7 = £ 7 ± 1) or magnetic </> 7 = M(j 7 = £ 7 ) multipole type. 

Introducing complete sets of initial and final angular momentum states, the T matrix element can be brought into 
the following form: 

< q Xy ni 2 | T\ k A 7 mj > 

= < m 2 I \ m 1 >T a . (2.2) 



In other words: 



Jx v x- t =J2 V * VX '' T *> ( 2 - 3 ) 



where a = (J, jy, ^y, j 7 , 7 ). The multipole amplitude T a and the transformation operator Va vXl are defined as 

T a =< [ivWv\) JM | T | (j 7 i) 7 JM >, (2.4) 



and 



< m 2 | Vl vX '< | mi >= < q^vm 2 \ q(t v l) (jv~) JM >< JM \ fcA 7 mi > . (2.5) 



'2' 

M 



Note that T a is independent of M. As seen above, the quantum numbers describing the initial and final states are 
quite similar, which is natural since both contain a vector particle(7 or V) and a nucleon. The only asymmetry in 
the quantum numbers is the use of iy in the final state instead of photon multipole type 7 .^| Coupling of angular 
momenta, which is implied by the use of parenthesis in the above expression, is pictured in Figure Ef 



1 This course of action was taken in the analysis of Ref. || for pseudoscalar mesons. 

2 We denote the vector particle as V, which refers to p, u or <j> mesons. Here, £v is the vector meson-nucleon relative orbital 
angular momentum. 

3 An alternative definition for multipole amplitudes is given in Ref Q, where not only the initial photon but also the final 
vector meson is described by multipole quantum numbers. In their approach, instead of using the final state orbital angular 
momentum they refer to the multipolarity of the vector meson using a second set of (E, M, L) labels. For purposes of truncating 
near threshold and identifying resonances, it is more convenient to keep the final state orbital angular momentum as a good 
quantum number. In addition, our definition is a natural generalization of the pseudoscalar meson case. 



2 



Sn' 



FIG. 2. Final State Angular Momenta Addition 



A plane wave photon state \k A 7 > is characterized by its momentum k and helicity A 7 . A multipole photon state 
|j' 7 m 7 ,0 7 > is characterized by its total angular momentum j 7 and its projection onto a fixed z axis, m 7 , and the 
multipole type </> 7 . The overlap of a photon plane wave state of definite helicity with a photon multipole state is given 
by: 



<i 7 m 7 ^ 7 | fcA 7 >=-^^^|±i^ ) A7 (fe) ) (2.6) 

where is 1(A 7 ) for Electric(Magnetic) multipoles, respectively. (We follow the phase convention of Ref ]|] for the 
photon multipole state.) Using this expression, matrix elements of the transformation operator V can be simplified 
as: 

< m 2 | Vt X -< I mi >= Ct X ^ '(-l) Av £ ^SvAvW) 

Xiy m-,A 7 l K ^ TOy m2 _ M y ^m 7 mi -M )' [ ' 

All angular momentum constraints are stored in the Wigner 23's and in the three- j symbols. In the above expression, 
C is given by: 

x v , (2j„ + l)(2* v - + mh + 1) ( _\ v {I ) . (2.8) 



B. Helicity and multipole amplitudes 

In order to express the multipole amplitudes in terms of the helicity amplitudes, we need to invert Eq. ( |2.2| ). 
Therefore, an orthogonality relationship for the transformation operator V is needed. The operator V obeys the 
following orthogonality property: 

diig <m- k < m 2 1 vl XvX -< | mi > 

x < mi | V^ X -< | m 2 >= (2 J + l)6 aa ,. (2.9) 



Using this property, Eq. (2^) can be inverted to yield the multipole amplitudes 



mi?7l2 \-y\\r 

x < mi | Pl VA -' | m 2 >< cfA v m 2 | T | fcA 7 mx > . (2.10) 



Equations (2. £,2. 10) remain valid when m's(nucleon spin projections along the z-axis) are replaced by the nucleon 
helicities A's. Matrix elements of V in a nucleon helicity basis can be generated readily by Wigner rotations of the 
initial and final nucleon states. Such nucleon hclicity-based projection operators can be used to relate the helicity 
and multipole amplitudes. The explicit expression is: 

< \N> I V X J X ~> | \ N >= C X a vX ^ V( M*M^) 

M's 

, (J) fi , ( jv 1/2 J \ f h 1/2 J 
\v ~ Atv —M l \ A 7 — Atv 



xV M „ M (k) I _ A _ M , J I ^ _ A _ M ) . (2.11) 



As a result, it is found that the multipole amplitudes are directly related to the partial wave helicity amplitudes 
< \ v \n> I T J | A 7 A N > by: 
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nXvX ^ ( jv 1/2 J 
Xv — Aw —A/ 



"~2J+1 2^ ° Q 



X 



j 7 1/2 J 



A-y Av Aiv Aj\ 

< AyAjv' | T J I A 7 A W > . (2.12) 



Although T is labeled by five quantum numbers, j 7 is dictated by parity, once the other quantum numbers are 
specified. This property follows since the initial and final stat e par ities are respectively — (— 1) Jt+ * and — (— l) lv 
where^j $ is 0(1) for Magnetic(Electric) multipoles, or from Eq. ( 2.12| ) it is seen that 



r a ~i + (-i)* r4 * + *. (2.i3) 

This result guarantees that there are at most 12 nonzero multipole amplitudes for any J. For a given J, there may be 
at most two different jy's (J± |), three different Zy's (jv>jv ± 1), two different j 7 's (J± i) and two multi pole types 
$ = 0, 1. Thus, the total number of possible multipole amplitudes is 2x3x2x2 = 24. Looking at the Eq. ( [2.13 ), one 



sees that for each set of quantum numbers either $ = or $ = 1 gives a nonzero multipole amplitude. Therefore, one 
deduces that there are 12 complex multipole amplitudes for vector meson photoproduction. On the other hand, there 
are 24 complex helicity matrix elements. Since they are interrelated by parity invariance, only 12 helicity amplitudes 
are linearly independent. 



C. Labeling of multipole amplitudes 

We now define multipole amplitudes for vector meson photoproduction by generalizing the notation used for pseu- 
doscalar meson production. As in the pseudoscalar meson case, the labels E, M are used to denote electric and 
magnetic multipoles. But for vector meson photoproduction, an additional ±,0 designation is used to indicate how 
the vector meson's orbital angular momentum is added to its spin. The generalization of the multipoles notation to 
the vector meson case is therefore: 

P 2(.7-M p 2(J-jV) 

M f 3 '^ — > M? J 7. jv \ v 

where the LHS applies to the pseudoscalar meson case and the RHS to the vector meson production case. The 
superscript is stipulated by giving the sign of 2(J — £„) (pseudoscalar meson) or 2(J — jV) (vector meson). Thus if 
J = £ n ± 1/2 or J = jv ± 1/2, the superscript is ±. Also if jv = tv ± l,jv = the mutipole has a subscript 
label of ± or 0, respectively. We define multipole amplitudes for vector meson photoproduction in terms of the earlier 
T— matrix as: 

2(J- JV ) T JvUnjE 

Mf ] p v \ . = 7 JX^hE (2.15) 

with (f>-y — E and 7 = M. For example, a set of quantum numbers J = 3/2, lv — 2, jv — 1 and 7 = M corresponds 
to : M£_, while jj is determined by parity invariance and the triangle inequality A(J, j 7 , i). Thus, for the example 
given above, the initial and final state parities are respectively: — (— iy~> and — (— \) iv — — {— l) 2 . Therefore, j 7 has 
to be an even integer. At the same time, j 1 has to satisfy the triangle inequality A(|, j 7 , i), which leaves only one 
option, j 7 — 2. All possible sets of quantum numbers and the corresponding amplitudes are listed in Table Q. The 
above example(M^l) appears in the 6th line of this table. Some amplitudes are not physical; namely, E^_, Mq_, 
E±_, M{1, which violate the inequality J > 1/2, and E^ , M^, which violate the triangle inequality A(Jy,£y, 1), 
and Ei , Mq + , E^~_, M^_, which violate the condition j 7 > 1. 

Having related the helicity amplitudes to multipole amplitudes, we analyze next the spin observables near threshold, 
where the multipoles are most useful. 



Extra minus signs are due to the intrinsic parity of vector particles. 
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III. THRESHOLD BEHAVIOR 



We base our analysis near threshold on the physical assumption that, in the absence of special dynamics, multipole 
amplitudes behave as T ~ q iv for a low final state momentum q. In addition to this assumption, the fact that 
quantum numbers have to satisfy certain triangle inequalities severely restricts the number of multipole amplitudes. 
For example, for J = \ there are only 4 multipole amplitudes instead of 12; namely, Eq + , E% _,M^_ and M^ . The 
maximum number of 12 amplitudes occurs only when J > |. A list of these amplitudes, along with their relationship 
to partial wave helicity amplitudes is presented in Appendix A. In the following discussion, spin observable "profiles" 
are introduced: 

&llk'7j = \nT{^o%)T\S^a%,)). (3.1) 

These "profile" functions are determined by bilinear products of amplitudes. The spin observables, fl, themselves are 
defined by the ratio of the above profile functions with the function 

I{6) = - a Tt[TT% (3.2) 

e-g-, 

In this paper, we will only use the profile functions. 

The above trace is over spin-space helicity quantum numbers A 7 , Ajv; Xy, Ajv. Here cr's are 2x2 Pauli spin matrices. 
The vector meson matrix Sy is a 3 x 3 matrix where: Sy = I, Sy (i=l,2,3) are the usual spin-1 matrices S^J^and 
five independent Cartesian tensor operators Sy (i < j = 1, 2, 3) are defined as: 

S« = hs l S ] + S ] S l ) - \5 ij . (3.4) 

For example, the triple spin observable which represents a linearly polarized beam in the y direction^ a target 
polarized in the y direction and a recoil vector meson polarized in the z' direction is described by Cj , . In this 
example, the vector polarization of the vector meson is denoted by only z' rather than Oz'. For simplicity, the vector 
polarization of the vector meson will be labeled without the extra 0, while its tensor polarization is labeled by two 
indices. 



A. Truncation for ly = 

For S— waves £y — 0, there are only three multipole amplitudes; Eq + ,Eq + ,Mq + . In contrast, for a pseudoscalar 
meson only one multipole Eq exists for — 0. The differential cross section is flat and given by: 

<r(0) = ^/(0), (3.5) 

where 

1(6) = |£ - + | 2 + 2\E+ + \ 3 + 6\M+ + \ 2 . (3.6) 

At this level of truncation, all single spin observables vanish, except for the tensor polarization of the vector meson. 
The angular dependencies of the tensor polarization of the vector meson very near threshold are: 
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To permit up to 100% polarization for a vector meson in any direction, S x matrices need to be renormalized as S = \J § S 
Therefore, >S ■ >S = 3, which guarantees that each component is normalized to be < 1. 
6 A discussion of photon polarization and Stokes parameters is given in Ref. n. 
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(3x 2 - 2) A 
A 

(1 - 3x 2 ) A 
—3x sin.9A, 

where x — cos (9 = q ■ k, and A, whose definition is given in Appendix C, is a bilinear combination of multipole 
amplitudes. 

Since all four vector meson tensor polarizations listed above involve the same dynamical factor A, they contain the 
same multipole information near threshold. Therefore, measurement of only one of 4 tensor polarizations is sufficient. 
We list the multipole expansion of 4 tensor polarizations and 37 nonzero double spin observables using the ly = 
truncation in Appendices B and C. Although there are 42 nonzero observables (cross section + 4 single spin + 37 
double spin) near threshold, only 5 of them are necessary to determine three multipole amplitudes with their relative 
phasesQ Therefore, three multipole amplitudes and two phases can be completely determined by measuring the 
cross section, a single spin observable Cy /, and three double spin observables. Therefore, even very near threshold 

determination of the magnitudes of nonvanishing multipole amplitudes Eq, , Eq + , Mq, require measurements of at 
least one double spin observable. In comparison, for the case of pseudoscalar photoproduction one needs only the cross 
section to determine the magnitude of Eq . A full list of observables is provided in Appendices B & C. Examination of 
that list shows that many observables have common dynamical factors, while their overall angular dependence differs. 
These experiments can be thought of belonging to the same class. In choosing a set of experiments, one needs only 
one experiment from a given class in order to avoid redundant information. In selecting experiments, one must of 
course take into account realistic questions of feasibility and costs. A full analysis of which experiments arc needed 
to determine all 12 amplitudes is presented in Ref. ||, where transversity amplitudes are shown to be particularly 
advantageous. 
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v 

x' x' 

v'y' 
n V 

r>v 



B. Nodal structure of helicity amplitudes and observables near threshold 

The study of the nodal behavior of spin observables for vector mesons could be a valuable tool in analyzing the 
underlying dynamics, as suggested in a recent K + photoproduction study (see Ref. ||). At this level of truncation^ = 
0), helicity amplitudes B.^\ v (8)^ are related to each other by the following equations: 

= -# 3 ,l(7T-0) 

fli,o(0) = -H 3 , (tt -6) = V2H u (tt - 9) 
Hi, o (0) = -V2H 3 ,-i(e) 
H 2fl {0) =H 4fi (w-d) 
fT 2 ,-i(0) = H itl (ir - 6) 
H 2 ,i{6) = ir 4> -i(7r - 9) 

Most of the 12 helicity amplitudes have only endpoint(# = 0°,180°) nodes near threshold. Exceptions to this are 
^2,0j -^2,1, and H^fl, which may have 1 intermediate node depending on the relative strength of the multipole 

amplitudes. As one goes to the ly = 1 truncation, the same four helicity amplitudes maintain their relatively rich 
nodal structure, now with a possibility of having 2 intermediate nodes; whereas, other helicity amplitudes may develop 
only 1 intermediate node. A full list of these amplitudes, which can be used to construct spin observables for £y < 1, 
is presented in Appendix A. For ly = 0, the nodal structure of single and double spin observables are mostly due to 
the overall factors of sines and cosines. When one removes these overall factors, all observables are flat, except the two 
double spin observables; namely, C^,^, and C^, J, . These observables could have two intermediate(0 < 9 < tt) nodes 
even very near threshold, depending on the relative strength of the multipole amplitudes. The angular behavior of 
observables at ly = resonances, that is, when only one amplitude is nonzero, is presented in Table ||. That table 
shows how such resonances might manifest themselves in the angle dependence of spin observables in the absence of 



7 Since the overall phase of amplitudes is arbitrary, there are only 5 numbers at each near threshold energy: 3 magnitudes and 
2 relative phases. 
8 See Eq. (Ia3) for the definition of H iAv (6). 
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I > 1 multipoles. 

Above the threshold region, multipoles with higher iy begin to contribute. Although we have derived expressions 
for double and triple spin observables, only the results of single spin observables are presented here. One can easily 
reproduce any observable using the helicity amplitudes given in Appendix A. 4 for iy < 1. With the inclusion of 
lv = 1 multipolc amplitudes, single spin observables have the following general structure at threshold: 

Cy = [ax + 6jv cos#] sin 9 
CI = b-y sin 2 9 
Cy, = [aiv + bw' cos9]sin9 
Cy, = [ay + by cos 9] sin 9 

where a and 6's are real. Assuming a threshold q v dependence for the onset of multipoles, we found that the a's are 
of order q; whereas, b's are of order q 2 . Therefore, very near threshold the a's will be dominant in determining the 
angular dependence of the spin observable profiles: 

Cy = a n sin 9 

C2 = o 

Cy, = a^, sin 9 
Cy, — ay sin#. 

From the above angular dependence, one sees that near threshold these profiles will have only endpoint nodes with 
intervening nodes developing as the incident energy increases. Of course, for nodes to develop it is required that b > a. 
The development of these nodes can serve to reveal important underlying dynamics as has been illustrated recently 
in Ref. ||. Note that the above profile functions correspond to the single spin observables T(target polarization), 
£ (photon asymmetry), P(recoil baryon polarization) and Py (vector meson polarization), respectively M. 

IV. CONCLUSION 

Spin observables are very sensitive probes of hadron structure. With the construction of CEBAF, polarized beams 
and targets will be available for high precision spin observable measurements. In this context, there is renewed interest 
in the photoproduction of vector mesons. In this paper, we derived exact expressions for the multipole amplitudes 
in terms of the helicity amplitudes for all J values. We found that there are only 4 multipole amplitudes for the 
J = 1/2 case; whereas, there are 12 multipole amplitudes for all other J's. Then we analyzed the observables for 
iy = and ly < 1 truncations. We found that near threshold(^V = 0), there are only 4 single spin observables which 
are the tensor polarizations of vector meson. (Note that there are no nonzero spin observables for photoproduction of 
pseudoscalar mesons at that level of truncation.) For iy — 0, there are 3 multipole amplitudes, as opposed to 1 for the 
photoproduction of pseudoscalar mesons. According to our results, at threshold only two double spin observables are 
able to have intermediate nodes when one neglects overall angular factors. These two observables are C^,^,{9) and 

C^,^,(9). Similarly, only four Helicity amplitudes(i?2,o, H%\, H±,-i, H4.0) are able to have intermediate nodes when 
overall angular factors are not considered. 

For a full determination of the 3 iy = multipole amplitudes with their relative phases, a set of 5 observables, the 
cross section + single spin(vector meson tensor polarization) + 3 double spin observables, are needed. Measurement 
of a double spin observable (besides the cross section and vector meson tensor polarization) is unavoidable even for 
a determination of just the magnitudes of the three nonvanishing amplitudes Eq + , , Mq~ + near threshold. This 
is to be compared to the case of photoproduction of pseudoscalar mesons, where measurement of the cross section is 
sufficient to determine the magnitude of Eq near threshold. Although the number of nonvanishing amplitudes will 
increase with increasing energy, threshold analysis provides a first approximation to the expected form of observables 
near threshold. Since multipole amplitudes have definite ^-values, the presence of a resonance will be signaled by 
the large contribution of a particular multipole amplitude. Although most of the discussion has been based on an 
iy = truncation, the helicity amplitudes for ly < 1, from which all spin observables can be generated, are listed in 
Appendix A. 4. 
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APPENDIX A: HELICITY AMPLITUDES AND MULTIPOLES 

In this Appendix, J — \ and J = | multipole amplitudes are presented, and J = \ partial wave helicity amplitudes 
are expressed in terms of multipoles. Then the helicity amplitudes in terms of multipoles for ty = and iy < 1 are 
given. 

Helicity amplitudes Hi\ v are defined by: 

(Al) 
(A2) 
(A3) 
(A4) 

The partial wave helicity amplitudes are defined similarly by 

h{ Xv =< Ay, Ajy I T J | A 7 ,Ajv >, (A5) 



Hi,\ v 


= < Ay, Ajy = 


+1/2 


T 




= 1, Ajv = 


-1/2 > 




= < Ay, A W ' = 


+1/2 


T 


A 7 


= 1, Ajv = 


+1/2 > 




= < Ay, Ajv = 


-1/2 


T 


A 7 


= 1, Ajv = 


-1/2 > 


Hi,\ v 


= < Ay, Ajv = 


-1/2 


T 


A 7 


= 1, Ajv = 


+1/2 > 



where the set of helicity quantum numbers for each i label is the same as in Eq. (A4). Therefore, hf Xv is related to 
the helicity amplitude Hi\ v by: 

JM 

where Af = Ay — Ajv and Aj = A 7 — Ajv- The index i varies from 1 to 4. The general expression for the partial wave 
amplitude is: 



iM' 2 J + 1 3vivj-i4>~t jv£vj-i<t>-y 

jvivj-,4>y 



j v 1/2 J \ / j 7 1/2 J 
Ay — Ajv —Af J \ A 7 — A w — Aj 



(A7) 



where C JA « vA 7. and T' f „ ■ , are given in the text. 



1. Partial wave helicity amplitudes versus multipoles for J = i 

For J = 1/2, there are four multipole amplitudes, which we collect to form the following matrix 

M 1 ' 2 = [£ - + ,E^_, M+_ , M£" ] . ( A8) 
The corresponding four helicity amplitudes also form a matrix defined by 

E^ = [hl^,h^,hl{lh^]. (A9) 



Using Eq. (A7), we find the following matrix relationship between the partial wave helicity H 1 / 2 and multipole M 1 / 2 
amplitudes 



9 







, 1/2 

"■2,0 


1 


"4,0 




L "2,1 - 





\/2 1 a/3 

1 -a/2 -a/3 

1 -\/2 \/3 

x/2 1 -\/3 





^0,+ 




^2% 








. ^0 . 



2. Partial wave helicity amplitudes versus multipoles for J = | 

Similarly, for J = 3/2, we have row matrices 

M 3 / 2 = [E+ + ,E+ , E+_,E^ + ,E^ , El_,M+ + ,M+ a , M+_, M^ + , M^, M a ";_], 

tt3/2 _ r>3/2 ,3/2 ,3/2 ,3/2 ,3/2 ,3/2 ,3/2 ,3/2 ,3/2 ,3/2 ,3/2 ,3/2, 
11 — l/H,-!: "2,-1' 1' ""4,-1' a l,0 ' "'2,0 ' ""3,0 ' n 4,0 ' n l,l ' "'2,1 ' n 3,l ' "^.l J' 



(A10) 
(All) 



which consist of 12 multipole and 12 helicity amplitudes. Using Eq. ( A7), one can easily produce the linear relationship 
between these two sets of amplitudes, which involves a cumbersome 12 x 12 matrix. 



3. Helicity Amplitudes expanded in multipole basis for iy = truncation 



Instead of partial waves, we now present the full amplitudes (see Eq. (A4)). The helicity 
amplitudes Hi\ v in terms of multipoles for £y = are given by: 



H 
H 



r=0 
1,-1 

£v=0 
1,0 



Tjt V =0 



H. 



H. 



£v=0 
2,-1 

£ v =0 
2,0 



ttIv=0 
n 1,l 



H. 



H. 



e v =o 

3,-1 

£ v =0 
3,0 



rrl v =0 
11 3,1 



H 



H 



lv=0 
4,-1 

£v=0 
4.0 



tj£v=0 
-"4,1 



^.(-E+ + + M+ + )sm( e -)(l-x), 
^t(-E+ + +M+ + )cos( 9 -)(l-x), 

^.(-E+ + + M+ + )sm( 9 -)(l + x), 
^-(E+ + +3M+ + )cos(~)(l-x), 

-j={2 E . + + E+ + + 3 M+ + + 3x (E+ + + 3 M+ + )} sin(^), 

^{4 , E^ + - E+ + - 3 M+ + + 3x (E+ + + 3 M+ + )} cos(^), 
-^(-E+ + + M+ + )co S (~)(l-x), 



-\i-Et+ + M ot+) cos(~)(l + x), 
V3 



Q { - 4 , E^ + + E+ + + 3 M+ + + 3x (E+ + + 3 A/++) } sin(-), 



{ - 2 i E o.+ - E i 



~V6 

^-(E+ + +3M+ + )shi( -)(l + x). 



„ t - 3 M+ + + 3x + 3 M + + )} cos(-), 



(A12) 
(A13) 
(A14) 
(A15) 
(A16) 

(A17) 
(A18) 
(A19) 

(A20) 
(A21) 
(A22) 

(A23) 



These are full H (6) amplitudes; the ly = superscript just indicates an S— wave truncation. 
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4. Helicity Amplitudes for ly < 1. 

The results for ly < 1 are obtained by adding the following ly — 1 helicity amplitudes to ly — terms listed above 

3 



= sin ( 2 )(1 " " + _ M ^ o) + 6{M t+ ~ E t+ } + lQ < M l+ - E t+)} ^ ( A24 ) 

3 

71 



R iv = l 
-"1,0 



cos(|)(l - x){E^ + - + Af+ + - E+ + + 5x(M+ + - (A25) 



HiT 1 = sin(|)(l + x){E+ + M+ + + ^(M+ - 15+) + - M^) + 10z(M+ + - (A26) 



ff^jf = cos(-)(l - x){V5(3E+ Q + M+ ) + 3£i; + + M{; + + 2(2M+ + + E+ + ) + l0x(2M+ + + ^+)}^=, (A27) 
#^ =1 = sin(^){ - 10V2M+- + 3V5(2E- + + M^ + ) ~ &V5(E+ + + 2M+ + ), 

+x[6y/E(M^ + + 3E- + + 4Af+ + + 2E+ + )] + x 2 [30V5(S+ + + 2M+ + )] }-^, (A28) 

^r 1 = cos 4){ - ^ M iTo - ( m i,+ + 3E i+) - 2 (K+ + 2M t+) + % M t° + 3£ %o)> 

+a[3(Mf + + 3.Ef + ) - v^AZ+q + 3E+ ) - 4(£+ + + 2M+ + )] + :r 2 10(£ + + + 2M+ + ))-jL, (A29) 

J v40 

Jj|vf = cos(|)(-l + aO{V5(££ - M+ ) + 3(M{; + - ££+) + 2(M+ + - 15+ + ) + 10z(M+ + - (A30) 

H 3 ^ =1 = - sin(^) (1 + z){l5+ + - M + + - + Af : : + + 5z(M+ + - 15+ + )}eV5, (A31) 

HiT 1 = ~ cob(|)(1 + z){6(£+ + - M+ + ) + Af^ + - + V5(Af+ - E+ ) + 10x(M+ + - £ + +)}^=, ( A 32) 

H^f = - sin(^){ - 6(E+ + + 2M+ + ) + VE(M+ + 3E+ ) - 3(M^ + + 3E^ >+ ) - ^VE(M^ + ^yE Q1 ), 

+3x[Vb{M+ + 3E+ ) - 3(E 1 + + Mf + ) + 4(£J+ + + 2M+ + )] + 30x 2 (E+ + + 2M+ + )\-=, (A33) 

J V 40 

<o =1 = - c °<^){ M r,+ + 3E x,+ - z(K+ + 2M t+) - 

+x[- 3(M{ !+ + 3E^ + ) - 6(E+ + + 2M+ + )] + l5x 2 (E+ + + 2M+ + )}^=, (A34) 
Ht =1 = + *){ - - - 2(E+ + + 2M+ + ) - Vb(M+ + 3E+ ) + Wx(E+ + + 2Af+ + )}-|=. (A35) 



Hence, adding to H*\ 1 yields all 12 helicity amplitudes in terms of the S and P wave multipoles. These 

expressions are useful for determining the energy evolution and nodal structure of observables near threshold. 

APPENDIX B: SINGLE SPIN OBSERVABLES FOR l v = 

In the following list of spin observables, various bilinear combinations of multipole amplitudes are denoted by 
A,B, ■ ■ ■ etc. Their definitions appear after the list of observables(e.g., profile functions). Sets of observables which 
contain the bilinear combinations provide equivalent information. Only those observables which do not vanish for 
ty = are presented below. 

1. Cross section 



The cross section, which we count as a single spin observable was already presented in the text, see Eqs. 3.5, 3.£ 
For the pseudoscalar case the S— wave cross section is simply a (9) = S- \E^ | 2 . 
2. Tensor polarizations of vector meson 

Only four single spin observables are possibly nonzero for pure S-wave multipoles, namely, 
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C^, = (3cos 2 fl-2)A, C$ y ,=A, 

CY, Z , = (1 - 3 cos 2 6) A, C v x , z , = -3 cos 9 sin 6 A. 

Since only one dynamical factor A appears, only one single spin observable needs to be measured near threshold. All 
other single spin observables vanish for £y = truncation. 

APPENDIX C: DOUBLE SPIN OBSERVABLES FOR £ v = 

Double spin observables fall into six categories. Here the nonzero double spin observables for each category are 
presented. 
Beam- Target 

C2 N Z = K. 

Target-Recoil 

The target-recoil observables depend only on the two dynamical factors B and 1 1 — 4 A, thus only two of the 
following are independent. 

Cxx' = - cos 9 B C xz>' = sin 6 B 



C?!Z' = -B 

l NI f' = or* ft l 

^3 



C?£' = S mft(\l-4A) C?f = cos ( \ I 4 A) 



Beam-Recoil 

The beam-recoil observables depend only on one dynamical factor 1 1 + 4 A + K 

C l% =sin(9(| J + 4A + A") C] N J = cos9 (H / + 4 A + K) 

Beam- Vector Meson 

The beam-vector meson observables, which involve the vector meson polarization depend only on one dynamical 
factor \l-2A 

&Z> = sin (| I - 2 A) C£, - cos 6 (| 7 - 2 A), 

while those that involve the tensor polarization depend only on B, which already appeared in the target-recoil 
observables: 

= cos ,m,f = f ^ = - sin 2 6 | 

Thus, near threshold it is not necessary to observe these tensor polarization observables since the same factor B 
appears in the target-recoil observables, which are perhaps easier to measure. 
Target- Vector Meson 

For the following target-vector meson observables one needs to have a polarized target and measure the vector 
meson's polarization for two different cases, one depending on F, the other on 7 + 6 A + 3 K. 



C%% = coaOF C^J, = -sinflF 

c N Y, = F 



Cz,x' = \{I + &A + 'iK) sin0 C^J, = \(I + 6A + 3K) costf, 

For the tensor polarization observable near threshold, all of the following depend on one dynamical factor H. 

C^ >y ,= S m6H C™, x ,=cob6H 
C£% x , = - cos 9 sin 9 77 C^J, Z , = (2 cos 2 9 - 1 ) 77 C*J, Z , = cos 9 sin 9 77. 
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Recoil- Vector Meson 

The dynamical factors V, O and S appear for the polarization of the vector meson cases: 

Cx>[x> = ^(I + QA + 3K)- cos 2 60 C^'J' = cos 9 sin 9 O 

= 1(1 + 6 A + 3K)-0 
C^'J, = cos 9 sin 9 O CXz> =S + cos 2 e o. 

Finally a single dynamic factor R appears in all recoil-baryon and vector meson tensor polarization cases: 

C^, z , = - cos 2 9 R CXx V = ~ cos 9 sin 9 R 
Cy'lx'x' = cos 8 sin 9 R C y'[x'z' = ( 2 cos 2 9 - 1) R C*,'J, Z , = — cos 9 sin 9 R 
Cv X' = sin 2 9 R Cy'X r , = cos 9 sin 9 R. 

In the above expressions the following dynamic combinations of the multipoles appear: 



/ = a 2 + 2/3 2 + 6 7 2 (CI) 

A = -i /3 2 + - 7 2 - i a/3 cos <j> E - 0:7 cos <f> M + h cos(0 M - 4> E ) (C2) 

B = -/3 2 + 3 7 2 - 2 a/3 cos 0b + 20:7 cos0 M - 2 ^7 cos(0 M - 4>e) (C3) 

F = f3 2 — 3 7 2 — a/3 coscj)E + "7 cos 4>m + 2/^7 cos(</>m — 4>e) (C4) 

H = i a/3 sin0 B - i 07 sin0 M +2/37 sin(</> M - <£ E ) (C5) 

X = -a 2 + /3 2 - 3 7 2 - 6/37 Cos((/.M-0£;) (C6) 

O — [3 2 — 3 7 2 — a/3 cos 4>e — 3 07 cos </>m — 6/37 cos((/)m — 0e) (C7) 

R = — a/3 sin^E — 3 0:7 sin</>M, (C8) 

where the magnitudes a,/3, 7 of the multipole amplitudes, and two relative phases and 0m are defined by 

£ - + = a, E+ + = (3e^, M+ + = 7 e^. (C9) 



Since there are 3 S-wave multipoles, there are only 3 magnitudes and 2 independent phases to be determined near 
threshold. That implies doing 5 experiments. One can use the above expressions to select experiments that give 
nonredundant multipole amplitude information. It should be clear that one should choose only one experiment from 
a class of experiments with the same dynamical coefficient in order to avoid redundancy. Since there are only 5 
unknown functions, the above 8 relations are not independent. 



* Research supported in part by the NSF. 
** Permanent address. 

[1] J.M. Laget, R. Mendez-Galain, Nucl.Phys.A581:397,1995. 

[2] A.I. Titov, Y. Oh, and S. N. Yang, Chin. J. Phys. (Taipei) 32 1351(1994). 

[3] M. Pichowsky, C- §avkh, F. Tabakin, "Polarization observables in vector meson photoproduction," preprint, 1995. 

[4] G. F. Chew, M. L. Goldberger, F. E. Low, Y. Nambu, Phys. Rev. 106, 1345(1957). 

[5] R. G. Parsons, B. L. Manny, and R. B. Clark, Annals of Physics 80, 387 (1973). 

[6] C. G. Fasano, F. Tabakin, B. Saghai, Phys. Rev. C46 2430 (1992). 

[7] D. Schildknecht, B. Schrempp-Otto, II Nuovo Cimcnto Vol. 5A, N. 1 103 (1971). 

[8] M. L. Goldberger and K. M. Watson, "Collision Theory," John Willey, NY. 1964. 

[9] B. Saghai and F. Tabakin, "Nodal trajectories of spin observables and kaon photoproduction dynamics," Phys. Rev. C(to 
be published), 1995. Y. 1964. 



13 



TABLE I. Quantum numbers and states for vector meson photoproduction 



Final state 




Initial state 


Amplitude 


A(J,j v ,±),A(jv,£ v ,l) 




A(J,j 7 ,i),A(j 7 ,^,l) 


M(j 7 = Ly) 


£v jv 


J 


j-i 


Parity 


E{j 7 =e 7 ±i) 


L L + l 


jv + 1/2 


J -1/2 


i-iy-y 








J +1/2 


-(-1)* 


M L+ 


L L 


jv + 1/2 


J -1/2 


-(-i) Jt 


Mto 






J +1/2 


(-1)* 


E L0 


L L-1 


jv + 1/2 


J -1/2 


(-i) Jt 








J +1/2 


-(-i) Jt 


A /f + 


L L + l 


jv - 1/2 


J -1/2 


-(-iy-< 








J +1/2 


(_i)* 




L L 


jv - 1/2 


J -1/2 


(-i)^ 








J +1/2 


-(-i)^ 




L L-1 


jv - 1/2 


J -1/2 


-(-i)^ 








J +1/2 


( _i)^ 





a Unphysical amplitudes (violation) : M%_, E^_, Mf_ (J > 1/2), E^M^ (A(jV, £, 1)), 

£7^, , Mq + , Ef_ , (J 7 > 1). Here L denotes the vector meson-nucleon relative orbital angular 
momentum. 
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TABLE II. Resonance behavior of observables near threshold. Here each column indicates the angular behavior of observ- 
ables when only one amplitude is nonzero. 



Observable 


qj,N,N* ,V 
l t k,k ; ,ij 


17 — 




M 0+ 


Cross-Section 


I 


flat 


flat 


flat 


Single Spin 


r v 





2-3cos 2 6i 


3 cos 2 6» - 2 


// 


U y'y> 





flat< 


flat> 


// 


c v , , 





3 cos 2 6 — 1 


1 — 3 cos 2 ^ 


// 


c v , , 

^ x' z' 





sin(2 0) 


-sin(2 0) 


Beam Target 


CJ N 


flat< 


flat> 


flat< 


Tnr cpt R prni 1 


C NN' 

x,x 









// 


n NN' 





— sinfl 


sin 9 


// 


n NN' 
^z,x' 


sin# 


sin6> 





// 


s~iNN f 


cos 9 


cos 9 





// 


u y,y' 





flat> 


flat< 


Beam Recoil 


z,x' 


-sin 9 


sin 9 


sin0 


// 




-cos 9 


cos 9 


cos 9 


Beam V. Meson 


z,x' 


sm 6* 


sin 


sin 




°z,z< 


cos 6 


cos 9 


cos 9 




r<~* v 

X, X X 


u 


COS V 


™c 2 # 

— cos u 


„ 


c lV , , 

y,x'y' 





cos 9 


— cos 9 


" 


cr v , , 

x ,x' z' 





-sin(2 6») 


sin(2 0) 




C nV , , 

x,y'y' 





flat< 


flat> 


" 


C jV , , 
y>y z 





— sinfl 


sin0 


" 







sin 2 <9 


-sin 2 


Target V. Meson 


^x,x' 





cos 9 


—cos 9 


// 


n NV 
°i,z' 





—sin 8 


sin 9 


// 


pNV 
y,y' 





flat> 


flat< 


// 


^z,x> 


— sin9 


sin 9 





// 


c% 


— cos6> 








Recoil V. Meson 


pN'V 

x' ,x' 


flat< 


4 - 3cos 2 6» 





// 


f-yN'V 

y',y' 


flat< 


flat> 


flat> 


// 


c N Z 


flat< 


3 cos 2 6» + 1 


sin 2 e 


// 


n N'V 
^z>,x> 





sin(2 6>) 


sin(2 0) 


// 


n N'V 
^x',z' 





sin(2 6>) 


-sin(2 0) 
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